Lecture 25

25.1 Tangent Plane Of G(/)

Let, f : O — R be a C! function and 7(u,v) = (u,v, f(u,v)). Here ran(r) defines a surface G(f)
as we have showed in Example 24.3.1. We also have calculated r, x r, = (—fu, —fv,1). Now using
(24.1) we can write down the equation of Tangent space at a point P = (a,b, f(a,b)) on G(f).
Equation of the tangent space TpS,

fula,b)(z = a) + fu(a,b)(y = b) = (z = f(a,b)) = 0
= z = [f(a,0) + fu(a,b)(z — a) + fu(a,b)(y — b) (25.1)

Equation of Normal at the point P on the surface G(f) is,

r—a y—2> z — f(a,b) (25.2)

—fula,b)  —fu(a,b) 1

Example 25.1.1 (Equation of Tangent and Normal to z = f(z,y) = 2?“ —y%at (1,1,1))

Solution. This is a graph function so obviously a surface f.(x,y) = % and f, = 75—‘? — 2.
So,(—fz, —fy, 1) = (=2,4,1). So equation of Normal is % = ny1 = Zzl and the equation of
Tangent Plane is, 2(x — 1) —4(y — 1) — (2 — 1) = 0. ]

Example 25.1.2 (Use Tangent Plane to approximate (1.99) — 1:39)

=

Solution. Consider z = x2 — + = f(z,y). This describes a surface. Now consider P = (2,1,2) be
the point on the surface. Here,(—fy, —fy, 1) = (—3,—2,1). So, equation of Tangent plane at P is,

z2=2+3(x—-2)+2(y—1)

The given expression can be approximated as, (by putting value of z,y in the above equation of
tangent plane) z(1.99,1.01) =~ 1.99. |

Our next goal is to calculate area of different surfaces. We will start with very basic example, that is,

area of a plane.



25.2 Surface Area

Suppose Py, Py, P, be the points on R? and coordinate
vector of the points is given by,

—
OPy = (ao, by, co)
—
OP; = (ay,b1,c1)
—
OP; = (az, by, c2)

We will actually look at the parallelogram generated
by,

g
v1 = PP Figure 25.1: Plane S
’U_é = POP2

Any point inside the parallelogram must look like v+
t101+to03 for some t1,t5 € [0,1]. So the parallelogram
can be explicitly written as,

SZ{UB+t1U3 + t9U3 ‘ 0<1t,to < 1}

We know area of S is ||v7 X v3||. We can describe this plane differently. If the equation of the plane was
z = az+by+c, then the surface of the plane can be described by S = {(z,y,az+by+c) | (z,y) € B?}.
Area of S = V1 + a2 + b2 x Area(B?). Now we should move forward to the general case.

Let, r : B2 — R3? be a function defined as
r(x,y) = (x,y, f(z,y)) (Here f is C! function).
Let, ran(r) be the surface S.

As we have done in the case of Riemann Integra-
tion. We should make partition of B? into tiny
boxes. Let, P € #(B?). Then,

B= |J B

aeA(P)

Prujucliu} of B, on the tangent plane 7., )8

For any o € A(P) fix (24, ¥ya) € B2. Consider
the tangent plane of S at r(z4, yo ) over B2. Now
the Tangent Plane at r(x.,ya) is given by, Figure 25.2: Ty(y. 1S

2= f((ZarYa)) = (D) (Tas Ya) - (Tas Ya)
= 2= (Df)(%a,Ya) + f(TasYa)
= z= fac(xaaya) ! (SC - :L'a) + fy(xaaya) : (y - ya) + f(wouya)

So, Area of T, ,.)S over B2 is

V1 P20 ) + £ (@asva) x Area(B,)?

= |lry X ryl| x Area(Ba)2



25.2. SURFACE AREA 3

Since f is C'! function so is r. So the total area of the surface S is given by,

Area(S) = lim ||r, x ry|| x Area(B,)?
IPll—0

=/ e x 7, | dA
BZ

= / 1+ f2+ f2dA (In this case)
B2

Will will do the above integration over any bounded set 2 as we have done in Riemann integration
chapter. Over a bounded set {2 area of S is given by,

Area(S) = /Q 1+ f2+ f2dA (25.3)

The General method for finding surface area is described by the following theorem.

Theorem 25.2.1
Let R C R? be a region. r : R — R? be the parametrization of the surface S. Then,

Area(S) = / lre x || dA
R
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