
The BGG
Resolution

Aaratrick Basu

Notation and
Preliminaries

The BGG
resolution

The Weyl
Character
formula

Outline of the
Proof

The BGG Resolution
Lie Algebras Fall 2024

Aaratrick Basu

University of Virginia

04th December, 2024



The BGG
Resolution

Aaratrick Basu

Notation and
Preliminaries

The BGG
resolution

The Weyl
Character
formula

Outline of the
Proof

Introduction

The construction of Cartan matrices and the Verma modules are two big steps in
understanding the representation theory of finite-dimensional complex semisimple Lie
algebras, the culmination being that if V ∈ irRep has highest weight λ ∈ Λ+, then
V is the quotient of Mλ by its maximal submodule.
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Introduction

The construction of Cartan matrices and the Verma modules are two big steps in
understanding the representation theory of finite-dimensional complex semisimple Lie
algebras, the culmination being that if V ∈ irRep has highest weight λ ∈ Λ+, then
V is the quotient of Mλ by its maximal submodule.

The BGG Resolution is a further step, and describes V as the last term of a long
exact sequence consisting of direct sums of Verma modules in all other places. This
ties in classical representation theory with the modern techiques of Lie algebra
cohomology.
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Notation

g will be a finite dimensional semisimple Lie algebra over C, with fixed triangular
decomposition

g = n− ⊕ h⊕ n+ .
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Notation
• The set of simple roots is {αi}Σ, and the set of fundamental weights is {ωi}Σ.
The weight lattice and the root lattice are then: Λ = Z{ωi}Σ and Q = Z{αi}Σ.

• For λ, µ ∈ Λ, λ ≥ µ ⇐⇒ λ− µ ∈ Q+.

• The Verma module of weight λ is denoted as Mλ.

• The Weyl group is W , and we also set

Wk = {w ∈ W | ℓ(w) = k}, k ≥ 1

• The affine action of the Weyl group is

w ◦ λ = w(λ+ ϱ)− ϱ,

where ϱ =
∑

Σ α = 1
2

∑
Φ+

α.

• If M is a g−module, the µ−weight subspace is

Mµ = {v ∈ M | hv = µ(h)v}
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Category O

Definition ▶ Category O

Let O be the full subcategory of left Ug−modules such that if M is in O then:

(i) M is Ug−finitely generated.

(ii) M is h−semisimple, ie, it is a weight module.

(iii) M is locally Un+−finite, ie,

dimSpanUn+(v) < ∞, ∀ v ∈ M.
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The BGG resolution
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Homs of Verma modules

Theorem (Verma)

For λ, µ ∈ h∗,Homg(Mλ,Mµ) is either 0 or 1 dimensional, and any non-zero
morphism is injective. Moreover, if λ ∈ Λ+,

Homg (Mw1◦λ,Mw2◦λ) = C ⇐⇒ w1 ≥ w2.

Recall that w1 ≥ w2 means that we have a chain

w1 → u1 → · · · → un−1 → w2,

where uk = sik+1
uk+1 for some simple reflection sik+1

.
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Homs of Verma modules

Hence, for w1 ≥ w2, and λ ∈ Λ+, there is a canonical embedding

ιw1→w2 : Mw1◦λ ↪→ Mw2◦λ.
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Homs of Verma modules

We assemble the above data in a graph Γ(W ) as follows: let each element w ∈ W
be a vertex, and add a directed edge w1 → w2 when w1 = sw2 for some simple
reflection s. We call a tuple (w1,w2,w3,w4) a square if we have a subgraph

w2

w1 w4

w3
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Homs of Verma modules

Theorem (BGG 10.3, 10.4)

For w1,w4 ∈ W with ℓ(w1) = ℓ(w4) + 2, there are either zero or two vertices
that fit into a square ending at w1 and w4. Moreover, to each arrow w1 → w2

in Γ(W ) we can assign a sign sgn (w1,w2) = ±1, such that∏
arrows in a square

sgn
(
w ,w ′) = −1.
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Statement of the Theorem

Fix λ ∈ Λ+. We place a Verma module Mw◦λ at the vertex w , and grade the graph
by ℓ(w). For each arrow w1 → w2 we have a map

sgn (w1,w2)ιw1→w2 : Mw1◦λ → Mw2◦λ.

We direct sum all the modules in the same grading, and get the differential by
appropriately combining these maps.
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Statement of the Theorem

Theorem (BGG Resolution)

For V ∈ irRepfd(g) of highest weight λ ∈ Λ+, there is a resolution

· · ·
⊕

w∈Wk
Mw◦λ · · ·

⊕
Msi◦λ Mλ

Mw0◦λ V

0 0

dk+1 dk d2 d1

d0d|Φ+|

where dk is defined as dk
∣∣
Mw◦λ

= (sgn (w ,w ′)ιw→w ′)w ′∈Wk−1
, and

d0 : Mλ ↠ V is the canonical projection.
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The Weyl Character formula
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Weyl’s Character Formula

Theorem

For V ∈ irRepfd(g) of highest weight λ ∈ Λ+, the character of V is given by

χV =
∑
w∈W

sgn (w)ew◦λ
∏

α∈Φ+

1

1− e−α
,

where sgn (w) = (−1)ℓ(w).
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Weyl’s Character Formula

Lemma

For λ ∈ h∗, the Verma module Mλ has character

χMλ
= eλ

∏
α∈Φ+

1

1− e−α
.
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Proof of lemma

Mλ has weights µ ∈ λ− Q+, and each weight is finite dimensional. Further,
Un− ≃ Mλ as vector spaces via x 7→ xvλ, and if α ∈ Φ+, fαv

λ ∈ Mλ−α
λ . By the

PBW theorem, Un− has basis {
∏

α f
nα
α }α∈Φ+

and hence,

dimMλ−δ
λ =

∣∣∣∣∣∣
 ∑

α∈Φ+

nαα
∣∣∣ ∑
α∈Φ+

nαα = δ


∣∣∣∣∣∣.
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Proof of lemma

Mλ has weights µ ∈ λ− Q+, and each weight is finite dimensional. Further,
Un− ≃ Mλ as vector spaces via x 7→ xvλ, and if α ∈ Φ+, fαv

λ ∈ Mλ−α
λ . By the

PBW theorem, Un− has basis {
∏

α f
nα
α }α∈Φ+

and hence,

dimMλ−δ
λ =

∣∣∣∣∣∣
 ∑

α∈Φ+

nαα
∣∣∣ ∑
α∈Φ+

nαα = δ


∣∣∣∣∣∣

= [e−δ]
∏

α∈Φ+

(1 + e−α + e−2α + · · · )
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Proof of lemma

Hence, the character of the Verma module Mλ is

χMλ
=

∑
µ∈λ−Q+

dimMµ
λ e

µ =
∑
δ∈Q+

dimMλ−δ
λ eλ−δ
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Proof of lemma

Hence, the character of the Verma module Mλ is

χMλ
=

∑
µ∈λ−Q+

dimMµ
λ e

µ =
∑
δ∈Q+

dimMλ−δ
λ eλ−δ

= eλ
∑
δ∈Q+

e−δ

[e−δ]
∏

α∈Φ+

(1 + e−α + e−2α + · · · )


= eλ

∏
α∈Φ+

1

1− e−α

as required. ■
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Proof of Weyl’s formula

Consider a map φ : M → N of g−representations. Then,

hφ(vλ) = φh(vλ) = φ
(
λ(h)vλ

)
= λ(h)φ(vλ),

and so φ(Mλ) ⊆ Nλ.
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Proof of Weyl’s formula
Given an exact sequence of representations

0 → V1 → · · · → Vn → 0,

we can thus restrict to the (finite dimensional) weight subspaces and get:

n∑
i=1

(−1)i dimV λ
i = 0.

By the definition of characters,

χV =
∑

λ∈Wt(V )

(dimV λ)eλ,

we thus have
n∑

i=1

(−1)iχVi
= 0.
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Proof of Weyl’s formula

Using the above in conjunction with the BGG resolution:

0 → · · ·
⊕
w∈Wk

Mw◦λ · · · → Mλ → V → 0,

we get

χV =

|Φ+|∑
k=0

(−1)k
∑

ℓ(w)=k

χMw◦λ .
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Proof of Weyl’s formula

Now using the lemma for the characters of Verma modules

χMλ
= eλ

∏
α∈Φ+

1

1− e−α
,

we can finally conclude

χV =
∑
w∈W

sgn (w)χMw◦λ =
∑
w∈W

sgn (w)ew◦λ
∏

α∈Φ+

1

1− e−α

which is exactly Weyl’s formula. ■
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Theorem (BGG Resolution)

For V ∈ irRepfd(g) of highest weight λ ∈ Λ+, there is a resolution

0 C|Φ+| Ck C0 C−1 0
dk−1 dk d0

where Ck =
⊕

w∈Wk
Mw◦λ if 0 ≤ k ≤ |Φ+|,C−1 = V and

dk is defined as dk
∣∣
Mw◦λ

= (sgn (w ,w ′)ιw→w ′)w ′∈Wk−1
, and d0 : Mλ ↠ V is

the canonical projection.
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Steps of the proof

(i) The sequence is a chain complex

(ii)
⊕

Msi◦λ −→ Mλ −→ V −→ 0 is exact.

(iii) The sequence is exact everywhere else.
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First step

The sequence is a chain complex essentially because of the way the differentials dk
are defined using the graph Γ(W ).

If w ∈ Wk , dk−1 ◦ dk(w) ∈ Wk−2. But we know that if w1 and w4 are 2 apart in
length, there are either no morphisms between them or they fit in a square

w2

w1 w4

w3

such that the product of signs is −1. In either case, this means d2 = 0.
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Second step

We want to prove that ⊕
Msi◦λ

d1−→ Mλ
d0−→ V −→ 0

is exact. The map d0 is surjective as it is the canonical projection.

Lemma

For λ ∈ Λ+, αi ∈ Σ, the submodule of Mλ generated by f
λ(hi )+1
i vλ is

isomorphic to Msi◦λ. Under these identifications, we get

V ≃ Mλ

/ ∑
αi∈Σ

Msi◦λ.
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Last step

The last step is to show that the sequence is exact everywhere else. This requires a
lot of work, and can be reduced to proving the following three lemmas.
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Last step

Lemma (BGG 10.5)

If M,N ∈ O are such that M = SpanUn− {v1, . . . , vn} and φ : M → N a
map of Un−−modules such that φ(vi ) is a weight vector, then φ is surjective
if and only the induced map

φ̃ : M/n−M → N/n−N

is surjective.
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Last step

Lemma (BGG 10.6)

The map
d̃k+1 : Ck+1/n

−Ck+1 ↪→ ker dk/n
− ker dk

is injective.
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Last step

Lemma (BGG 10.7)

dimC Ck+1/n
−Ck+1 = dimC ker dk/n

− ker dk is finite.
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Further directions

• Kac-Moody algebras

• Functorial BGG
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Thank You!
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